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Abstract. The thermal-wave technique or laser-intensity modulation method
(LIMM) is an important tool for the non-destructive probing of space-charge and
polarization profiles in electrets. Analyzing the experimental data requires solving a
Fredholm integral equation which is known to be an ill-conditioned problem. This
article presents an iterative approach that is capable of reconstructing inherently
unsmooth distributions. The deviations from the true profiles are slightly smaller than
those obtained with Tikhonov regularization, while the computational burden is not
a limiting factor on modern personal computers. The optimum number of iterations
is estimated using the randomized generalized cross-validation technique. Results are
shown for a number of model distributions, as well as for experimental data from a
layered polyvinylidene fluoride film sandwich.
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1. Introduction

A key problem in electret research is the non-destructive measurement of polarization

and space-charge profiles [1]. During the past two decades, several techniques have

been developed to probe dielectric materials with a thickness ranging from a few µm

to several mm. They all rely on the propagation of acoustic or thermal waves though

the sample, where they cause a space- and time-dependent compression or expansion,

leading to an electrical response under short-circuit conditions. Thermal waves may also

cause an electrical response due to temperature-dependent polarization and permittivity.

Acoustic techniques use the propagation of a pressure pulse or step, generated either with

a quartz crystal (pressure-step propagation method, PPS [2]) or through the absorption

of a short laser pulse (laser-induced pressure-pulse method, LIPP [3]). Alternatively,
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the acoustic response to a voltage pulse applied between the sample electrodes has

been recorded with a piezoelectric transducer (pulsed electroacoustic method, PEA [4]).

While acoustic techniques have the advantage of nearly uniform resolution throughout

the sample, it is difficult and costly to achieve a resolution better than approx. 1 µm,

as both the pulse generation and detection equipment must have risetimes in the sub-

ns range. Moreover, acoustic-pulse and pressure-step methods are difficult to apply to

porous and cellular electrets due to their large acoustic scattering.

Thermal techniques, on the other hand, use the diffusion process of a thermal pulse

or thermal wave in order to locally change the density and/or the dielectric constant.

In addition, a pyroelectric current results in the presence of a temperature-dependent

polarization. The thermal pulse method was first demonstrated in 1975 [5], while the

thermal wave method was introduced in 1981 [6]. The latter is also known as laser-

intensity modulation method (LIMM), since the periodic heating is usually performed

with an intensity-modulated laser beam. With heat diffusion being a slower process than

the propagation of sound waves, the time resolution requirements for the apparatus are

less demanding. Conversely, with fast detection techniques, a spatial resolution of less

than 1 µm is easily achieved [7]. A key advantage of the all-optical LIMM technique

is its ability to investigate samples without requiring a mechanical contact. This is

an important feature for, e. g., the study of soft polymer foams [8] which are easily

deformed upon application of a mechanical stress [9]. Very recently, an in-depth review

on thermal techniques was given by Bauer and Bauer-Gogonea [10].

Unlike with acoustic techniques, the electrical response of the sample to a thermal

pulse, step or wave is not a simple function of the polarization or space-charge

distribution, and sophisticated deconvolution methods must be used to solve the ill-

conditioned problem of reconstructing the profile of the internal electric field [11]. In

the following sections, we present an unbiased method for reconstructing distributions

penetrating deep into the sample without requiring the extra constraints (e. g.,

smoothness) necessary with the widely used regularization techniques [12].

2. Theory

The propagation of the thermal wave in the sample is described by the heat-conduction

equation

D
∂2T (z, t)

∂z2
=
∂T (z, t)

∂t
, (1)

where T (z, t) is the temperature and D is the thermal diffusivity of the material. For

thin samples, a one-dimensional analysis is usually sufficient, as shown by Emmerich

et al. [13] and Lang [14]. For polymer films with evaporated metal electrodes, only

the polymer itself needs to be considered, as the electrodes are usually 2-3 orders of

magnitude thinner than the polymer film. If the sinusoidally modulated light is absorbed
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at z = 0, the boundary conditions are [15]

ηj∼e
iωt −G0T = − κ

∂T

∂z

∣∣∣∣∣
z=0

(2)

and Gd = κ
∂T

∂z

∣∣∣∣∣
z=d

, (3)

where G0 and Gd are the heat loss coefficients at the front and rear surface, κ is the

thermal conductivity of the sample, and ηj∼e
iωt is the absorbed power per unit area.

For a free-standing film, both G0 and Gd can usually be neglected, whereas samples

thermally connected to a substrate may exhibit a substantial heat loss Gd. Under these

conditions, Eq. (1) is solved by [15, 16]

T (z, t) = T∼(k, z)eiωt =
ηj∼
κk

cosh[k(d− z)] + Gd
κk sinh[k(d− z)](

1 + G0Gd

κ2k2

)
sinh(kd) + G0 +Gd

κk cosh(kd)
, (4)

where the complex thermal wave vector is given by

k = (1 + i)

√
ω

2D
. (5)

In the presence of a polarization or space-charge ρ, the thermal wave in a sample

with an electrode area A gives rise to the current [1]

I∼(ω) =
iωA

d

∫ d

0
g(z)T∼(k, z) dz (6)

with the distribution function

g(z) = (αε − αz)
∫ z

0
ρ(ξ) dξ + p(z) , (7)

where αε is the temperature coefficient of the permittivity, αx is the thermal expansion

coefficient and p(z) is the pyroelectric coefficient.

The key problem in the analysis of LIMM data is the reconstruction of the

distribution function g(z) from the experimentally observed frequency spectrum I∼(ω).

The LIMM equation (6) is a Fredholm integral equation of the first kind, for which

the finding of a solution is an ill-conditioned problem [17]. Within the experimental

errors, the observed current I∼(ω) can result from an infinite number of distributions

g(z), most of which are strongly oscillating functions. Over the past 15 years, a

number of techniques have been applied to obtain a unique solution of the LIMM

equation [11]. Two widely used methods are the scanning-function method [18] and

Tikhonov regularization [12, 19]. The former approach is an approximation applicable

at frequencies where the penetration depth

zr =
√

2D/ω (8)

is small compared to the sample thickness d. The approximate distribution is then given

by

ga(zr) ≈
κd

ηj∼AD
[<I∼(ω)−=I∼(ω)] . (9)
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While highly effective in probing the surface region, this technique provides little

information about the polarization or charge distribution in the bulk of the sample.

Tikhonov regularization, on the other hand, has proven to be capable of extracting this

information [20, 21]. A solution for g(z) is obtained by minimizing the expression

χ2
r =

∑
ν

∣∣∣∣∣I(ων)exp − I(ων)calc

σν

∣∣∣∣∣
2

+ λ
∫ d

0

∣∣∣∣∣d2g(z)

dz2

∣∣∣∣∣
2

dz , (10)

where σν is the estimated error of the current at the frequency ων and λ is the

regularization parameter. Finding the optimum value of λ is a non-trivial problem [19].

Recently, a new technique based on a combination of polynomial expansion and

regularization was presented [22, 11].

A potential disadvantage of regularization methods is their bias toward smooth

solutions, as imposed by the second term in Eq. (10). For sandwiched systems consisting

of layers with different polarization, as well as for polymer films with injected space-

charge layers, this often leads to an excessively smoothed reconstruction of g(z).

In the quest for unbiased deconvolution techniques, one finds numerous examples

in the field of digital image processing [23]. Here, the task is to restore blurred

images with a known point-spread function (PSF). Interest in these techniques arose

particularly after the launch of the Hubble Space Telescope with its primary mirror

suffering from spherical aberration. Several iterative methods are commonly used

today [24]. While some of these, such as Lucy-Richardson or Maximum Entropy

deconvolution, make specific use of the positivity of digital images, and are thus not

applicable for reconstructing polarization profiles, the unregularized “steepest descent”

method (also known as van Cittert’s method [25] and Landweber iteration [26]) gives

promising results in deconvolving LIMM measurements on samples with discontinuous

polarization profiles.

First, using the trapezoid rule [17], the LIMM equation (6) is written as a system

of linear equations:

Iν,calc =
M∑

µ=0

Rνµgµ ; ν = 0 . . . N , (11)

where

Rνµ = iω
A

d
T∼(kν , zµ) ×


(zµ+1 − zµ)/2 ; µ = 0

(zµ+1 − zµ−1)/2 ; 1 ≤ µ ≤M − 1

(zµ − zµ−1)/2 ; µ = M

(12)

and

kν = (1 + i)
√
ων/2D . (13)

M and N are the number of data points in the spatial and frequency domain,

respectively. To take the higher resolution of LIMM near the surface into account,

a logarithmic spacing is adopted for the z coordinate:

log zµ = log z0 +
µ

M
(log zM − log z0) . (14)
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The maximum-likelihood solution is the one minimizing the expression

χ2[g] =
∑
ν

∣∣∣∣∣Iν,exp −
∑M

µ=0Rνµgµ

σν

∣∣∣∣∣
2

(15)

which can be written in matrix notation as

χ2[g] = (b−Ag)† (b−Ag) , (16)

where the superscript † denotes the transpose, complex conjugate matrix, Aνµ = Rνµ/σν

and bν = Iν/σν . Van Cittert’s method is based on doing small steps in gµ space in the

direction opposite to the gradient ∇gχ
2. If g(n) is the solution after n iterations, the

next step is given by

g(n+1) = <
{

g(n) − β(n)

2
∇gχ

2[g(n)]

}
= <

{
g(n) − β(n)(A†Ag(n) −A†b)

}
, (17)

where < denotes the real part. For n → ∞ and a sufficiently small step size β(n), this

scheme has been shown to converge to the solution that minimizes χ2 [23]. In the present

work, convergence was ensured by replacing β(n) with β(n)/2 until χ2[g(n+1)] < χ2[g(n)],

while β(n+1) = 2β(n) after each successful iteration step. The initial distribution g(0) was

obtained by interpolating the result of the scanning-function method [18] (cf. Eq. (9))

with a smoothing cubic spline [27]. A schematic flow diagram is shown in Fig. 1.

3. Results and Discussion

To demonstrate the effectiveness of the new iterative scheme, the algorithm was applied

to several model polarization distributions g(z), shown as dotted lines in Fig. 2:

(a) A bimorph (two layers of equal thickness with opposite polarization) [28, 29]

(b) A poled sheet sandwiched between two unpoled layers [28]

(c) A “ramp distribution” of the electric field, resulting from a homogeneous space-

charge density with compensation charges at both electrodes [30].

For a free-standing film (G0 = Gd = 0), the frequency spectrum of the short-circuit

current was then calculated using Eq. (11) and the diffusivity D = 6.09 × 10−8 m2/s

of polyvinylidene fluoride (PVDF). M = 500 and N = 80 data points were used in

the spatial and frequency domains, respectively. The latter resulted from the adopted

frequency range of 10 Hz to 100 kHz with 20 data points per decade, which represents

typical experimental conditions. At 10 Hz, the penetration depth (2D/ω)1/2 of the

thermal wave is significantly larger than the assumed film thickness of 20 µm, while

100 kHz represents the upper frequency limit of many commercial lock-in amplifiers.

To simulate experimental conditions, two random-noise contributions with a Gaussian

distribution were added:

• standard deviation of 2% of the signal strength (to simulate fluctuations in the

laser intensity), and
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squared error sum

χ2[g(n)]

gradient

∇�χ2[g(n)]
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descent” solution
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larger step size

β(n+1) = 2β(n)

of iterations
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experimental current

I

initial distribution

g(0)
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β(0)

?

χ2[g(n+1)] < χ2[g(n)]
no

yes

yes

smaller step

β(n)
→ β(n)/2

final distribution
g

no

n → n + 1

next iteration

Figure 1. Schematic flow diagram of the iteration scheme.

• standard deviation of 5 pA (to simulate background noise).

As an example, Fig. 3 shows the calculated current spectrum for a bimorph sample. All

calculations were carried out with Octave [31] programs on a 1.5 GHz Intel® Pentium

4 personal computer. The typical execution speed was 10 iterations per second.

The reconstructed profiles are shown in Fig. 2 for different numbers of iterations.

Initially, the curves converge to the true profile, but develop increasing artefacts

for higher n. It is therefore essential that the iteration process be stopped before

achieving full convergence. To compare the reconstructed profile gµ against the original

distribution g(orig)
µ (shown as dotted lines in Fig. 2), the quantity

ψ2 =
M∑

µ=0

[
zµ

zM

(
gµ − g(orig)

µ

)]2

(18)
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Figure 2. Iterative solution of the LIMM equation using synthetic distributions.
(a): bimorph, (b): poled layer, (c): uniform space-charge density with compensation
charges at the electrodes. The insets show the schematic layer structure.
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Figure 3. Calculated frequency spectrum of the pyroelectric current for a bimorph
sample. The open squares and circles show the real and imaginary part of the current
calculated from the distribution plotted in Fig. 2(a) with additional Gaussian noise
(see text for details). The solid and dashed lines represent the current calculated from
the reconstructed profile after 10 000 iterations.
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Figure 4. Squared error sums for the polarization profile (ψ2, solid lines) and the
pyroelectric current (χ2, dashed lines) versus number of iterations. The arrows indicate
the termination points given by the two methods discussed in the text: χ2 = N (not
reached in case (b)) and the minimum of V (n) defined in Eq. (19) and depicted in
Fig. 5.

was used as a figure-of-merit. Here, the error differences are scaled with the factor zµ/zM

in order to assign equal weights to all depths, even though the zµ values are scaled

logarithmically according to Eq. (14). The dependence of ψ2 and χ2 on the number of

iterations is shown in Fig 4. Evidently, the optimum number of iterations nopt (where

ψ2 reaches a minimum) is very different for the three model profiles. Reconstructing

the bimorph profile required approx. 4400 iteration steps, whereas for the space-charge

profile, ψ2 was minimized after only 200 iterations. Obviously, ψ2 cannot be calculated

from experimental data, since the true polarization profile is unknown. Even though the

broad minima of ψ2 indicate that the choice of n is not very critical, a formal termination

criterion is required.

If the experimental error σν of each data point is known, χ2 can be calculated

from Eq. (15). One way to determine σν is to perform a series of measurements at

fixed frequency and calculate the standard deviation. For large N and a Gaussian

error distribution of the N + 1 individual data points, the expectation value of (15) is

χ2 = N + 1 ≈ N [17], which can be used as stopping condition. This method of using

a priori information is often referred to as Morozov’s discrepancy principle [32]. In

practice, however, the termination value of n depends rather critically on the assumed

experimental errors, since χ2 becomes almost constant for large n, as shown in Fig. 4.
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If the experimental error is underestimated, χ2 will be too large and may not reach the

termination value χ2 = N at all (cf. Fig. 4(b)). On the other hand, overestimated errors

lead to a premature termination of the iteration loop, resulting in excessively smoothed

polarization profiles.

A method that does not depend on a priori information is the randomized

generalized cross-validation (RGCV) technique [33]. It is based on the principle that

the optimal solution should predict missing data points [32]. Iteration is stopped when

the function

V (n) =
||b− Ag(n)||2

|| tr(I − F (n))||2
(19)

reaches a minimum, where I is the identity matrix, and the (N + 1)× (N + 1) matrix

F (n) is defined by‡
F (n)b = Ag(n) . (20)

As shown in Ref. [33], the denominator of Eq. (19) can be evaluated using a Monte Carlo

approach by introducing a vector u of ν = 0 . . . N independent samples of a random

variable U with zero mean and a variance of one. In addition, a vector w(n) of length

M + 1 is defined via

F (n)u = Aw(n) . (21)

By comparing Eqs. (20) and (21) we conclude that w(n) can be obtained from u

through the same iterative process that is used to extract the distribution g(n) from

the experimental data b:

w(n+1) = w(n) − β(n)(A†Aw(n) −A†u) . (22)

The initial value w(0) is set equal to the null vector. With these definitions, the

denominator of Eq. (19) is given by

|| tr(I − F (n))||2 = ||u†u− u†Aw(n)||2 (23)

As shown in Fig. 5, V (n) is a function with a shallow minimum. The minima are also

indicated in Fig. 4; they fall within one order of magnitude of nopt in all three cases.

Thus, RGCV is more robust than the a priori technique based on the values of χ2.

Fig. 6 shows the Tikhonov regularization results for the same profiles used in Fig. 2.

A larger regularization parameter λ results in smoother curves. The optimum value for

λ can be determined from Fig. 7, where the deviation ψ2 from the true profiles is

plotted versus λ. Comparison with the iterative results in Fig. 4 shows that the minima

of ψ2 are slightly larger than those obtained using van Cittert iterations. Therefore,

Tikhonov regularization can in principle extract a similar amount of information from

the experimental current spectrum as the iterative approach. However, choosing the

optimum regularization parameter is a critical and complex task [19], and is prone to

yielding excessively smoothed profiles. On the other hand, the iterative solution rapidly

stabilizes after 10-100 iterations, with a very gradual build-up of artefacts.

‡ While the calculation of A and b according to Eqs. (15) and (16) requires numerical values for σν ,
the minimum of V (n) is independent of the chosen σν .
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layers. The shaded region indicates the poled layer. The RGCV termination condition
according to Eq. (19) is n = 320 (cf. Fig. 5).
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Application of the iteration technique to the experimental current spectrum of a

32 µm PVDF stack (one poled 6 µm film sandwiched between 6 µm and 20 µm layers of

unpoled PVDF) is shown in Fig. 8. Even though the current spectrum is perturbed by

thermoelastic resonances in the free-standing sample around 10 kHz, the width of the

poled layer is reconstructed correctly.

4. Conclusions

The ill-conditioned LIMM equation has been solved using an iterative scheme based on

van Cittert’s method. Simulations for various polarization and space-charge profiles

showed optimum agreement with the true distributions after 90 to 7000 iterations,

depending on the profile shape. The deviation from the true profiles was slightly lower

than in the case of Tikhonov regularization with an optimized regularization parameter.

Due to the very gradual build-up of artefacts, the number of iterations needed for the

optimum solution is not a critical parameter. Its value can be estimated using the

randomized generalized cross-validation (RGCV) technique. The iterative approach

complements the scanning-function technique, which does not produce artefacts but

(due to its reliance on a high-frequency approximation of the temperature distribution)

gives accurate results near the surface only. Compared to regularization, a potential

drawback is the longer computation time, although this is usually not a limiting issue

on today’s fast personal computers. Moreover, convergence could be accelerated with a

more sophisticated minimization strategy, using, e. g., conjugate gradients [17].
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